ABSTRACT. Positive energy solutions of the Cauchy problem for the equation Du = m u + F(u) are considered. With G(u) = piF(s)ds, it is proven that G(u) must be nonnegative in order for uniform decay and the existence of asymptotic "free" solutions to hold. When G(u) is nonnegative and satisfies a growth restriction at infinity, the kinetic and potential energies (with m = 0) are shown to be asymptotically equal.
Perhaps the most physically relevant example is the "meson" equation which is (1) in three space dimensions in = 3) with Fiu) = gu (g > 0).
In § §2, 3, and 5, we consider the asymptotic behavior of certain solutions of the Cauchy problem for (1) with x e R", t > 0, ttz > 0. Let Giu) = f^Fis)ds, and denote the energy norm || • || by (2) l«Wi;«5 f n[\ut\2 + \Vu\2 + m2\u\2]dx.
In one form, scattering theory attempts to assert the existence of a solution zi+(x, t) of the free equation ((1) with Fiu) = O) to which a given solution uix, t)
oí (1) is asymptotic in energy norm as t -» <*>. The works of Strauss [l2] and Morawetz and Strauss [8] show that, for n = 3 and for a nonnegative function Giu) satisfying a growth condition at infinity, "fast enough" uniform decay (decay of supx |z/|)as t-»,« suffices to prove the existence of such a u..
We show first in §2 that in the complex case, under essentially Roffman's hypotheses, there exist solutions of (1) to which no finite energy free solution is asymptotic in energy norm as / -> ». In §3 we extend this result, and Roffman's theorem, to real solutions. It is shown that there exist real Cauchy data and a positive constant mQ, depending on this data, on 72, and on the value of G(uQ), fot which the corresponding solution u of (1) is not asymptotic to any finite energy u+ and, moreover, sup | u(x, t) \ -/-> 0 as / -> », provided 0 < zzz < zzz . Thus the condition that G(u) be nonnegative cannot be violated if there is to be scattering theory for (1). An integral sign to which no domain is attached will be understood to be taken over all space. <u denotes a unit vector in R"; do = element of surface measure on the unit sphere in R"; co = area of the unit sphere in R". The notation v eC^ÍR") will mean, as usual, that v is infinitely differentiate and has compact support in R". (1) d2u/dt2 -Au + m2u + Fiu) = 0 (x e R", t > 0) where ttz > 0.
Throughout § §2 and 3, we shall write (2) G(n)= J"oFis)ds.
The free equation is (1) (HII) G(u0) < 0 for some uQ.
Hypotheses (HI) and (HII) will be assumed to hold throughout § §2-3, and will not be repeated. implies that the function Q(t) = 722 Im fü~utdx is a constant independent of time.
We shall now prove that, under conditions very similar to those above, no finite energy u+ can exist. (ii) G(s)= 0(|s|2 + 8) as I s I -0, for arbitrary 8 > 0; G(s) = 0(|s|«) as \s\ -» co , where q, 2 < q < °° , is arbitrary for n = 1 or 2, a = 2n/(n -2) for n > 3.
Then (1) has complex-valued solutions u(x, t) with the property that: there does not exist any finite energy solution u+(x, t) of the free equation such that \\uit) -u+it)\\e -0 as t -. co.
Proof.
As noted above, in addition to the total energy E given by (3), (1) has another invariant Q(t) defined by Q(t) = zzz Im fuutdx.
Aside from the constant factor 772, Q(t) is the "charge". Given a solution u of (1) Applying these to the function v = u -a+, we find that || uit) -zz+(i) || -» 0 as t -> co for all p, 2 < p < °° , which completes the proof. Since zz is assumed smooth, h is at least continuous. Now hiO) = f Mm2 ufe2 + V2U20\yC\2 + Vim2u\C2 + G(u0O -m2u\C2]dx = fil/2u20\V(\2 + Giu0O)dx = ^ R"C(zz0) + J"* + 1 p-X [jjH=1 Multipel)]2 + Giu0Cipco))\dJ dp
where the const is independent of both R and 772. Therefore and assume that 0 < ttz < mQ. We shall now show that h(t) > 0 for sufficiently large t. First we find, using the order hypothesis on G(zz), that ¡Giu) dx < sup Giu) fu2dx = 8it) fu2dx
where 8iA -» 0 as / -> <*>. Thus for / sufficiently large, F > iY2m2 -Sit)) f u2dx so that u(t) is bounded in LAR") and f Giu)dx -> 0 as í -» co. By Schwarz' inequality, |Q(/)| is bounded for all t; hence bit) > Vi fiu2 + |V*|2 + 77z2zz2)^x -8xit) -const e"
where 8 At) -> 0 as / -> «j. Therefore for large t we have h(t) > V2E > 0, as asserted.
Now, since h is continuous and is negative at the origin t = 0, the intermediate value theorem implies the existence of a point T > 0 such that h(T) = 0.
Let z"0 be the first such T. We claim that tQ < 1/m. For, by the definitions of h(t) and /", we have E + zzze-íO(í)<0 for 0< t < tQ;
i.e.
E + Ume-'id/dÙWuiÙWl < 0 (0 < t < tA. It follows that 2(t2 -2) < (R + 1)2ztz2 + 2(R + l)m + 1; i.e.
(7) (R + 1)27?z2 + 2(R + 1)722 + (l -2(72 -2)) > 0.
However, for 0 < ttz <zzz0, the quadratic expression in (7) is nonpositive, the desired contradiction. Thus we are done for n > 3. For n < 2, the proof proceeds exactly as above until inequality (6) 
Thus we arrive at (R + 1)2tz22 + 2ÍR + l)m + (l -8/77) > 0 which leads to the same contradiction as above with a different value of 722 When n = 1, we proceed as follows: First let 0 < x < R + 1 + /". Then uix, tQ) = -J * + 1+'0 uj,!;, tQ)dÇ so that a2(x, tQ) < (R + 1 + z0 -x) fRx+U'° u% t0) d£ <iR + l+t0-x){Ro+UÎ\%t0)d{.
Thus ic>+l+t°u2ix, t0)dx <y2iR + 1 + tQ)2 f« + l+t0 u2xiÇ, t0)d£. When-(R+1 + < x < 0, we write uix, tQ) = /1(R + 1+, ) uJ4, tQ)d¿; and obtain in an analogous fashion f°rB 1 u2ix, tAdx<V2ÍR+l + t-)2í° u2i£,tAdÇ. Using this inequality in (6) we arrive at (R + l)27zz2 + 2(R + lVz -1 > 0 which again provides a contradiction for sufficiently small tzz. The proofs of Theorems 1 and 2 can now be combined to show that scattering theory is impossible for certain real solutions of (1), provided zzz is sufficiently small. (1) is not asymptotic in energy norm to any finite energy solution u+ of the free equation, provided 0 < zzz < zzz .
Proof. Given a solution u(x, t) of (1), suppose that there exists a finite energy free solution zz+(x, /) such that ||zz(z:)_ a+(i)||e -> 0 as t -> ». In Theorem 1 we have shown that this implies ¡Giu)dx -> 0 as / -». Since u(t) -> u+(t)
in energy norm, we have that u(t) -» zz+(i) in L2(Rn), so that u(t) is bounded over L2iR"). Now (du/dt)(t) is bounded in L2ÍR") by (HI); hence the Schwarz inequality shows that Qit) = fuu^x is bounded for all t. Thus, defining h(t) as in Theorem 2 and using the same data as in that theorem, we have h(0) < 0, h(t) > 0
for sufficiently large /. We may then follow the proof of Theorem 2 verbatim to obtain the desired contradiction. Thus the energies are asymptotically equal and, in addition, since fu dx -> 0 as t -> 00 , we have Tu(t) -> V2E, Vu(t) -» V2E as t -> co.
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where zzz > 0, p > 1. We define as before the charge QÍt) by Qit) -Im fzTz^ax.
Theorem 4. Let a(x, /) be a C2 solution of equation (9) with Cauchy data in C™iRn) satisfying QÍQ) ¿ 0. Suppose that 1 < p < 2 if n -1 ; 1 < p < 1 + 2n~ X if n > 2.
Then there does not exist any free solution a+(x, t) in C™ ÍR") such that |1 uit) -u+it) \\e -0 as t -, +» .
Proof. Let a(x, r) be a C2 solution of (9) 
